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We present a theoretical analysis of four-wave mixing in coupled quantum dots subject to inhomogeneous
broadening. For the biexciton transitions a clear signature of interdot-coupling appears in the spectra. The
possibility of experimental observation is discussed.
Few-particle states in optically excited semiconductor
quantum dots1,2,3 have recently attracted enormous interest:
on the one hand, they exhibit a number of atomic-like prop-
erties attributed to their zero-dimensional nature, such as ul-
tranarrow emission peaks4,5 or ultralong dephasing times;6
on the other hand, the semiconductor compound gives rise
to a number of novel features which lack atomic counter-
parts, among which multi-excitons7,8,9,10 and flexible interdot
coupling11,12 are the most prominent ones. Optical excitations
in semiconductors quantum dots are composed of electron-
hole pairs (excitons), which become profoundly renormalized
because of the resulting mutual Coulomb interactions; indeed,
such Coulomb-renormalization effects have been studied ex-
haustively in single-dot spectroscopy13 and are at the heart of
the celebrated quantum-dot-based single-photon sources.14,15
In addition, advanced growth procedures now allow to verti-
cally couple dots in a well-controlled manner, and to tune the
coupling strength within a wide parameter range.
This flexibility renders quantum dots as ideal candidates
for novel (quantum) device applications. Proposals range
from cellular automata16 over storage devices17,18 to possi-
ble registers for quantum computers.19 Yet, such challenging
future technology requires a detailed understanding of inter-
dot couplings and of the resulting few-particle states—issues
which have only recently become subject of careful inves-
tigations. One of the crucial difficulties in these studies is
the unavoidable inhomogeneous line broadening because of
dot size fluctuations, inherent to any self-assembly growth
procedure, which hinders the direct observation of interdot-
coupling induced level splittings. Although the investigation
of single quantum-dot molecules has been demonstrated and
has given clear evidence of interdot coupling,11,12 the under-
lying analysis faces severe problems when the change of in-
terdot coupling is accompanied by possible variations of the
lateral confinement—a delicate problem in particular for the
technologically highly relevant self-assembled dots.
In this paper we present a theoretical analysis of four-wave
mixing (FWM)20 in an ensemble of inhomogeneously broad-
ened coupled quantum dots, and we show that FWM spectra
provide a sensitive measure of such pertinent interdot cou-
plings. This finding rests on a number of non-trivial obser-
vations. Firstly, FWM is a technique particularly suited for
the measurement of transport parameters independent of in-
homogeneous broadening, e.g., exciton dephasing or biexci-
ton binding.6,21,22 Secondly, in the strong confinement regime
the electron-hole tunneling only weakly depends on the lat-
eral confinement,10,23 and thus becomes independent of inho-
mogeneous broadening. Thirdly, as recently demonstrated23
biexciton transitions in coupled quantum dots are sensitive to
interdot couplings and can be directly monitored in the opti-
cal spectra—a highly favorable finding to be contrasted with
the more cumbersome situation for single-exciton transitions,
where, because of symmetry, only one of the tunnel-coupled
low-energy states couples to the light.10 Taking together all
these observations, we will predict a clear-cut signature of
interdot-coupling in the FWM spectra.
In our theoretical approach we start from a proto-typical
level scheme for a single quantum dot consisting of:24,25 the
groundstate |0〉 with no electron-hole pairs present; the spin-
degenerate exciton states b†σ|0〉 of lowest energy ǫ, with b†σ
the exciton creation operator and σ labeling spin; the biex-
citon groundstate of lowest energy24 b†↑b
†
↓|0〉, whose energy
2ǫ − ∆ is reduced because of Coulomb correlation effects.26
In Ref. 23 we made the important observation that in case
of weak interdot couplings exciton tunneling dominates over
separate electron and hole tunneling. Hence, using the above
level scheme and assuming small interdot coupling through-
out, we describe the double-dot system by the Hubbard-type
Hamiltonian:
ho(ǫ) ∼= ǫ
∑
σ
(nˆLσ + nˆRσ)− t
∑
σ
(
b
†
LσbRσ + b
†
RσbLσ
)
−∆
∑
ℓ=L,R
nˆℓ↑nˆℓ↓ , (1)
where L and R denote the left and right dot, respectively,
nℓσ = b
†
ℓσbℓσ, and t is the effective exciton-tunneling matrix
element. We feel that for the purpose of our present inves-
tigation (influence of interdot coupling on FWM spectra) the
use of the generic model (1) has the advantage over the first-
principles-type solution of Refs. 23,27 of providing deeper
insight into the qualitative trends, without introducing signif-
icant differences or shortcomings. The states resulting from
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FIG. 1: Schematic picture of the effective double-dot level scheme
as a function of the interdot coupling strength t and for t≪ ∆, as ob-
tained from the solution of Eq. (1). Solid lines represent the optically
active exciton |X〉 and biexciton states |B1,2〉, respectively; arrows
‘⇐⇒’ indicate optically allowed transitions for linear polarization.24
the solution of Eq. (1) are depicted in Fig. 1 as a function of
the exciton interdot-coupling t: for linear polarization only
one of the four exciton (X) and two of the eight biexciton
states (B1,2), respectively, couple to the light. To the lowest
order of approximation, these states are associated to a sym-
metric superposition of excitons (X) and biexcitons (B1) in
the left and right dot, respectively, and of two excitons local-
ized in the two spatially separated dots (B2).
In our simulations of the FWM spectra we assume a setup
of two laser pulses with time delay τ (inset of Fig. 2),20
which propagate along directions k1 and k2. The latter pulse
is diffracted by the reminiscent polarization grating produced
by the first pulse, and gives rise to the FWM signal along
direction 2k2 − k1. The description of the coherent (opti-
cal excitation) and incoherent (dephasing) time dynamics re-
quires the framework of density matrices.28,29 Here, the cen-
tral object is the density matrix ρ, whose time evolution is
governed by the Liouville von-Neumann equation account-
ing for:24,25 the Coulomb-renormalized few-particle states; the
light-coupling described within the rotating-wave and dipole
approximations;28 and dephasing and relaxation due to envi-
ronment interactions. In this paper we shall consider low tem-
peratures throughout, and thus take spontaneous photon emis-
sions as the only source of dephasing and relaxation.6 From
the knowledge of ρ(t) we can compute the interband polariza-
tion P(t), which, in turn, allows the calculation of the FWM
spectra. Following Ref. 30 we avoid to consider the FWM
space dependency by introducing a phase shift φ between the
two exciting laser pulses viz. Eo(t) exp−i(ωot − φ), with
Eo the pulse envelope and ωo the central pulse frequency, and
compute the FWM signal according to:30
S(t) =
∫
2π
0
dφ Pφ(t)e
−i2φ , (2)
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FIG. 2: Results of our simulation for the transient FWM signal S(t)
with τ = 5 ps and using for clarity a short dephasing time of 20
ps;26 the filled circle shows the result of the corresponding simula-
tion for an inhomogeneously broadened ensemble (full width of half
maximum of 50 meV). The inset schematically depicts the proposed
setup.
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FIG. 3: |S(ω)| for different values of the interdot coupling t and
for a dephasing time of 500 ps; spectra are offset for clarity. For
discussion see text.
where the subscript φ on P is a remainder of the phase. Quite
generally, in case of inhomogeneous broadening the interband
polarization P has to be computed for an ensemble of quan-
tum dots with different transition energies ǫ. Assuming that
this broadening is much larger than the spectral width of the
laser pulse, which certainly holds for typical quantum dot
samples with inhomogeneous line broadenings of the order
of several tens of meV, the FWM signal is given by a delta-
like photon echo at time τ after the second pulse with strength
I(τ) =
∫
dt S(t). However, it turns out that in case of dom-
inant inhomogeneous broadening I(τ) is completely char-
acterized by S(τ) for a single quantum-dot molecule;20,22,31
since computationally it is much easier to calculate the latter
3quantity, in the following we shall make use of this approxi-
mate description (we checked, however, its validity for a vari-
ety of time delays τ ).
Figure 2 shows a typical result of S(t) as obtained from
our simulations. We observe that S(t) starts immediately af-
ter the second pulse (centered at time t = 0), and displays a
pronounced polarization beating. To gain insight into the con-
tributing states, in Fig. 3 we plot the modulus of the Fourier
transform of S(t) for different values of the interdot coupling
strength t; besides the strong signal at ω = 0, we observe
the appearance of three peaks α, β, and γ, which exhibit in-
triguing shifts with increasing t. Indeed, a closer analysis re-
veals that the peak positions can be unambiguously attributed
to the X–B1 (α), X–B2 (β), and B1–B2 (γ) transitions. It
is interesting to note that while the oscillator strength of peak
α increases with increasing t because of the “bonding” na-
ture of the X and B1 states,23 the oscillator strengths of the
remaining transitions show a reversed trend because of their
“anti-binding” nature.
To appreciate the merit of Fig. 3, we recall that our re-
sults correspond to inhomogeneous broadening of quantum-
dot states (several tens of meV) much larger than the relevant
energy scale for interdot coupling (∼ 1 meV). Such coupling
could not be extracted from other types of optical ensem-
ble measurements, e.g., absorption or luminescence. Thus,
FWM appears to be the ideal tool to measure coupling con-
stants of coupled quantum-dot molecules—with the line shift
of Fig. 3 providing a clearcut signature of the formation of
quantum-dot molecules. We envision an experimental setup
similar to Ref. 6 and the use of coupled-quantum-dot sam-
ples. In addition, such measurement would offer the challeng-
ing prospect of studying decoherence of entangled states in
coupled dots.10,32
In conclusion, we have presented a theoretical study of
four-wave mixing in an ensemble of inhomogeneously broad-
ened quantum-dot molecules. We have found that the Fourier
transformed spectra provide a clear signature of interdot cou-
pling, thus rendering this technique as an ideal tool for the
extraction of this pertinent parameter.
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